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Reciprocal Lattice

The planes of lattices

Z
“ Intercepts Reciprocal Miller indexes
X 4 1/4 h 1
y 4 1/4 k 1
z 4 1/4 1 1
2 1/2 h 2
y 2 1/2 k 2
z 4 1/4 1 1
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What is it? Whatisitfor? Why is it?

2008-12-19

h — d, x d, p.are the unit vectors in reciprocal
Ty 'space and not lying in the same plan.
- a.xa (1) dare the unit vectors in primitive or
\ b, = 2 v . space and not lying in the same plan|
- 3 x 3 is the volume of unit cell and is
‘b, = al\j 4, v written, for example, as & -(&, x&,)
® Periodicity of crystalline structure
® Periodicity of X-ray
® Definition of reciprocal lattice

® Mathematic deduction

51:27r
52:272
53:27z




B A F Bravais Lattice

_ " =" Periodicity of crystalline structure

Atoms 1n lattice consist of all points with position vectors T of the form.
Translational symmetry

T =ua, +va, +wa, (2)

d,, &, and &, are any three vectors in primitive
space which are not all in the same plane. u, Vv
and W range through all integral values.

The vectors of a unit cell of Bravais
lattice, g, (i=1, 2, 3), are given by

—

T,=4a, +4a, +a, (3)

that determine the crystalline structure
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Bravais Lattice

Vectors of a unit cell of Bravais lattice
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—_— st

(1) For a simple cubic (sc) lattice

(a4, = ax Where X, Y and 7 are three

{a, = ay (4) orthogonal unit vectors 1n ‘right
hand’ system.

\a, = aZ 4

x|

c/053
g,

a

o
o

2008-12-19



K F
PHREE TR :
e = . (2) For bcec lattice

A more symmetric system 1s z

6, =2 (x4 y+2)° ‘

a =—(-X+y+7Z B,

-~ a,._ _  _

az=5(X—Y+Z) > (5)

. a _ .

a3:§(x+y_z) Yy, a,
~Monatomic

unit cell
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(3). For fcc lattice
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K F a a, a, Bravais L attice
MRA S TE Lol .
= - =2 The unit vectors & the crystalline structure

: 2 - .
Unit cell H\TQ/_ da, +d, +a,

The unit vectors determine crystalline structure !

Table 1. Unit vectors of the cell of cubic lattices

— —

é'>1 a2 a3
SC ax ay az
a . a .. - _ a,._ _
bece —(=X+y+12) —(X=Y+7) —(X+Yy-7)
2 2 2
a . _ a _ . a ..
—(y+7 —(Z+X —(X+
fec 2(3’ ) 2( ) 2( y)

where X, Y, Z are three orthogonal unit vectors in “right hand” system,
and a 1s a lattice constant.
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il PN Reciprocal Lattice

2 Periodicity of X-ray

X-ray, 1in quantum mechanics, is given by a wave function

# [
- N
K =— wave vector
A

k =hb, +kb, +1b, Q)
- . . . h=1/n,
b j are the unit vectors 1n reciprocal space =1/
and not lying in the same plane. h, k and | range - Uny
through all integral values in reciprocal space. I=1/n,

h, k, and | are Miller indexes of plane.
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TR AL In classic theory, a harmonic wave 1s described in a Wave
HHFAFETA . . -
. — W Function at a fixed time (t = t,)).

NN\
VARV

e =cos@+isin®

n-r ioz 0t
Y =A cos(27x ——0) ‘ _ 1
! A Y = Ae
In quantum mechanics, — n > n
a wave vector is given as ) =<7 7

2008-12-19 «q ‘ o




il PN Reciprocal Lattice
PR TS TR - ey : i
Lz Definition of reciprocal lattice

Interaction between T and IZ)

—_—

—

T =ua, +va, +wa, Crystal
k = hb, + kb, +1b, X-Ray

A wave vector K that yields plane wave with the periodicity of a given
Bravais lattice T is known as its reciprocal lattice, K d!?nl‘

K = Hb, + Kb, + Lb,

K with the same periodicity of given primitive lattice, T
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A X-ray and crystal

ARFT S TE - - T = AeiZKT = Amplitude
i = Interaction of kand T, ¥ Vi brobabilit
g ! T
& A

AW AN AN AW AWAYTANA
° VA VAAVAAVARY;

VAR,

<
;u
~
]

Atpointry, v, = Ag'? " Atpointr,, ¥, = Ag'*™ "

Let r,—r; =T, one finds that ¥, = Ag'?(i+T)
K with the same periodicity of primitive lattice, T g' 2 (1) = g2

B K ei27zK-(F+‘I?)_ i27K-F
K = Hb, + Kb, + Lb,
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B A F Reciprocal Lattice

7|7T ﬂﬂ—a’— 51 —»
- — L K with the same periodicity of given primitive lattice, T

Mathematically
eizﬂK(mf) _ eiZEK-F 9)
1L
eizleZ-f 1 (10)
e’ = cos@+isin@ L
(_1)2Kf _1
L

K.-T=¢&| (&=integral) (11)
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= ~ ~ Reciprocal Lattice

R K F
ﬂﬂﬂ% ’33‘-% K.T = 5 - -

(ua+va2+wa3) (hb +kb, +1b,) ? =uh+vk +wl N |

=uh(d, -b)+Vvh(,-b)+wh(@&-b) &-b=&-b=0 b L@&4&) b=g(Exa)
+uk(d, -b,)+Vk(d, -b,)+wk(d,-b,) &-b,=8-b,=0 b, L(a.,d) b =g,dxa)
+ul(@ -b,)+VI@&, -b,)+wl(@,-b,)  &-b,=4-b=0 b L(&,4) b=0,(Gx4a)

n;m; = integral
= é:{ ~

(=) T
o =) _ 1 Orthonormalization
- él-@lizl a,-b,=1 4-b=1
5 { _Ii_J (ézxz)-él-lil:ézx@
=] Vb =4a,xa,
Kronecker deltasymbol 5 a, x a, 5 _a,xq 5 a, xa,
N J 1= V 2 = V 3= Y
\_ J
13

2008-12-19



B K F

2008-12-19

T

a : = i

a,xa, =(a,a,sind)n

n1(a,a;)

V =3,(a,xda;)=a,(a,a,sinf)cos




A ¥ Reciprocal Lattice
RBHFESTE

:
b — d, x d, 6,- are the unit vectors in reciprocal
(1 V space and not in the same plan.
lG = a, x4, a are the unit vectors in primitive (1)
27y space and not in the same plan.
|\~ a xa, V i1s the volume of UC which can be
b, = v written, for example, as &, (8, x&,)
\ - [ (hki)
- a, xa, A \ - |
. b1 =2 v / k oC 7
- a,xa - n
b, =272 (i K=27—
Vv A
\ 6 - al X 8.2
3 Vv 1
a;
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st Summary for reciprocal lattices

1) What is it ? 1&i&
2) What is it for ? &k
3) Why isit ? ##=%

“What is it ?” The definition of RL

b — d, X d; b. are the unit vectors in reciprocal
! V ' space and not lying in the same plan.
~ a,xa a, are the unit vectors in primitive
lp =3"% (1)
Y space and not lying in the same plan.
. i x3 V 1s the volume of unit cell and 1s
b, = IV : written, for example, as & (&, x&,)

2008-12-19
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x5 What Is it for ? . . .
e Characterization of reciprocal lattice

1) Plane (kkl) in primitive space is perpendicular to the reciprocal
vector

K = hb, + kb, +Ib,

1

2) The spacing of the plane (kkl) is given to d,, = ‘IZ‘

3) Relations between primitive lattice and reciprocal lattice

FCC, 5 BCC, BCCy S FCC,

2008-12-19 17




[ Example 1] Reciprocal Lattice

Plane (KKI) is perpendicular to the reciprocal vector K = h61 + k62 + IB3




The spacing of the plane (kkl) d,,, = 1/ ‘IZ‘

—

dhk|=(W=6A-£zil-(hb1+k?2+lb3)= {
K K| K
K = hb, + kb, +1b,
‘K‘:\/(hli)2+(k62)2+(ll53)2
- a,xa n
h = 22 111
! \/ a,
< 62:§3X5\: ﬁ2 \/ k2 |2
_I_
2 2
L 632 a2 a3




il PN Reciprocal Lattice
FAFES T [ Example 3]

RO~ L

: Simple cubic (sc) lattice Reciprocal lattice
— 51 i a, x a,
a=aX a=ay da,=az (3 Vo
6 _ d, X a,
lg_az><a3_ayxaz_quz,_l)_(, ;_ a4 xd,
1~ — T T YXL= ’ Y%
V a a a

b. construct another sc Bravais lattice

For the sc lattice, both primitive and reciprocal lattices have the
same structure. (Q: what 1s their difference)

gl
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i fjj:fr; [ Example 4]

V
1 o
:4—a(2’+x)x(x+ ):—(zxx+z><y+x><x+x><y) 7
:%(y_)‘(’ +7) Therefore, one can find that )
a y
-] ©
( b - —X Y, Z X
1 4a( +Y+12) X
—~ 1 - - _
{ D=7~ (X=y+7)  (14)  Body-centered cubic (5)
-1
Vb =—(X+ Y-
s =g XY=

2008-12-19 il 21
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Table 2. Relation of primitive and reciprocal lattices

Primitive lattice Reciprocal lattice
Simple cubic Simple cubic

Face-centered cubic Body-centered cubic
Body-centered cubic Face-centered cubic

2008-12-19 < | 22
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“Why is it?” K+ T = RL

p
crystal & X-ray

—

T =ua, +va, +wa,

Reciprocal Lattice

k = hb, + kb, +1b,

k has same

periodicity [] T =¢&
withT

E><

NCTl O

S

D!
X

|

x <

M

|

—

|

X <
S
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s [Home works

ProOBLEMS  @Prove that a, ~51 =1 and &, -61 =0

®Prove that & /b, //X in cubic lattices.
a,//b, /1y
a,//b,// 7
®Prove that the reciprocal lattice of
FCC 1s a BCC structure.
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